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Abstract - -Th is  paper deals, in the one-dimensional cue, with an inverse problem for the heat 
equation. Such a problem is a two points initial-boundary value problem with boundary conditions 
correctly posed only on one of the extremities, the missing boundary conditions being replaced by a 
measurement of the temperature in an inner point of the space domain. 
The result is obtained eveloping an original Bellman's idea: "the dif[erential quadrature method" 
which is here developed in the framework of a decomposition f domains technique. 
1. INTRODUCTION 
Inverse problems are often of relevant interest in technological and applied sciences. In fact, 
by solution of inverse problems, one can recover elevant information on characteristic of the 
mathematical model which is used to described physical reality. 
The mathematical literature and several physical motivations towards the analysis of inverse 
problems on the linear and nonlinear heat equations can be found in the book [1] by Beck, 
Blackwell and St. Clair, Jr. For additional information the reader is referred to the review paper 
[2] as well as paper [3] and [4,5] which deal with this class of problems in the linear and nonlinear 
case, respectively. 
This paper deals, in the one-dimensional case, with an inverse problem for the heat equation 
described in Sec. 1.2 of Chap. 1 of Ref. [1]. Such a problem is a two points initial-boundary value 
problem with boundary conditions correctly posed only on one of the extremities, the missing 
boundary conditions being replaced by a measurement of the temperature in an inner point of 
the space domain. 
This problem is of technological interest in the aerospace technology: in fact it is important o 
know the heat flow from the inner part of space vehicle to the outer ambient in order to control 
the heat transfer processes. On the other hand measurement devices cannot be placed on the 
outer surface, but only inside the wall. This physical situation generates the inverse problem 
which has been outlined above. 
The problem is described in mathematical terms in the second section. The solution tech- 
nique, is based upon a scheme of decomposition of domains and solution in each domain by a 
suitable modification of the differential quadrature method [6,7]. The aforementioned mathemat- 
ical method is described in Section 3. 
An application and a discussion follow in the last section of this paper. 
2. THE MATHEMATICAL MODEL 
Consider the nonlinear heat equation in a slab 
t>0,  x•[0 ,1] ,  u=u( t , z ) ,  (2.1) 
Ou c9 Ou 
0-'t" = ~ [ h(u)~-zz ]' (2.2) 
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where h = h(u) is the heat conductivity, which is assumed to be given as a known function of 
the temperature. 
Equation (2.2) is subject to initial conditions 
u0(~) = ~(t = 0,~), x e [0,1], (2.3) 
and to boundary conditions 
ul,(t) = u(t,x = 0), t >_ O. (2.4) 
Moreover one has, by suitable experimental information, the time-history of the temperature 
in z = .5 
~'(t) = u(t;~ = .5), t > o, (2.5) 
where u*(0) = u0(x = .5). 
The mathematical problem to be solved, which may be classified as an inverse problem [1], 
consists in computing the time-history of the density profiles for x E [0, 1] and, in particular, in 
computing the time-history of the space derivative of u in x = 1. 
cgu 
~o(t) = -~-(t :x = 1). (2.6) 
The physical and technological motivations of such a problem have already been discussed in 
the introduction and are documented in [1]. 
This problem is well documented in the literature in the linear case whereas the nonlinear 
equation is dealt with in this paper. 
3. ANALYSIS 
The mathematical problem described in Section 2 is properly posed for x E [0, .5] with the 
proper initial and boundary conditions. On the other hand the problem is underspecified with 
one missing boundary condition in [.5,1]. 
The point is then to use the solution in [0,.5] to construct he missing condition in [.5,1]. This 
purpose will be obtained by a suitable modification of Bellman's differential quadrature method 
[6,7] adapted to decomposition of domains techniques. 
The sequential steps of application of the method can be listed as follow: 
1. The domain [0, 1] = D is decomposed into the two sub-domains 
D1 = [0, .5], D2 = [.5, 1]. (3.1) 
The space domain D1 is discretized by n collocation points xi such that 
i= l , . . . ,n :  z1=0,  z ,=.5 .  (3.2) 
The time interval [0,T] is discretized by rn collocation points tj such that 
j ' -  l , . . .  ,m : tl =0, tm = T. (3.3) 
2. The solution u = u(t, x) in D1 is interpolated by classical Lagrange polynomials [8] Pi = 
pi(x) as follows 
n 
u(t, z) ~ y~pi(x)u,(t) ,  (3.4) 
i= l  
where ui = u(t,xi), ul = u0, un = u*. 
Analogously the solution in D2 is interpolated as follows 
m 
v(t, x) _~ ~ p~ (t)vj (x), (3.5) 
j----1 
where the letter v denotes (in order to avoid confusion) the temperature in D~ and vl = u'. 
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3. The time evolution of the ui is obtained computing by eqn. (3.4) the space derivatives in 
the nodal points 
n n 
Ua:i - -  ar i  Ur ,  Ua~zi -"  ri  Ur , 
r----1 r----I 
where 
ari = ~'~P~ (x -- xi), bri = ~(z  = xi), (3.7) 
and substituting these expression in eqn. (2.2) thus obtaining the system of ordinary 
differential equations: 
i=  1: u, = u0(t), (3.8a) 
dui = hu(ui) ariu, + h(ui) b~iur, (3.8b) i=2, . . . ,n - l :  --~ 
r= l  r= l  
i=  n:  ui = u*(t). (3.8c) 
Solving eqn. (3.8) by classical integration technique (the initial condition for (3.8b) is 
ui0 = u0(zi)) and applying the interpolation (3.4) provides the solution in D1. 
4. The space evolution of W is obtained computing by (3.5) the time derivative of v i analo- 
gously to the computing (3.6) 
171 
vtj = ~_, ahjvh, (3.9) 
h=l  
and substituting this expression i to eqn. (2.2) regarded with respect to space integration 
j - - l :  vj = u*(t), 
j = 2 , . . .  ,m : ~ = wj, dx = ~ ahjVh -- 
h=l  
the initial conditions for eqn. (3.10) are 
Ou . , , tD .  
(3.1o) 
(3.11) 
Solving eqn. (3.10) with the initial conditions (3.11) and applying the interpolation (3.5) 
yields the solution of the problem in D2. Subscript is used, sometime, to indicate derivative 
with respect o the argument: hu = dh/du, hv = dh/dv. 
REMARK 3.1. The solution of the problem in D1 provides the initial conditions for eqn. (3.10) 
by the values of u = {ui} which have to be memorized at the times tj. In particular, using the 
calculation (3.4) and (3.6) yields 
wjo = ~ arnur(tj). (3.12) 
r= l  
REMARK 3.2. In order to obtain the output defined in (2.6) one can use (3.6) to obtain 
m 
~(t) = y~pj ( t )w j (x  = 1). (3.13) 
j= l  
REMARK 3.3. Note that the boundary values in D1 are used as initial conditions in D2. The 
problem in D2 only need one point boundary conditions as the equation contains only a first 
order derivative with respect o time. 
The reader is referred to papers [8-9] for further details on the applications of the differential 
quadrature method. In particular papers [8-9], which deal with the stochastic c~e, have sufficient 
information for computing the error bounds. The deterministic case can be regarded, in fact, as 
a particular case of the stochastic ase. 
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4. APPL ICAT ION 
This section will show the technical applicability of the solution method eveloped in Section 3. 
Consider then a problem such that the heat conductivity is a linear function of the temperature 
h = 1 + au, hu = a >_ 0. (4.1) 
Moreover consider, as a particular case the following initial and boundary conditions 
re[0,1]: u0=0, ub=0, u* =~/20. (4.2) 
Since we axe interested in a continuous representation f the temperature field, it is possible using 
the interpolations (3.4) and (3.6) to obtain such a result. Let then 
zEDI: uj~=u(t=~j,z=z~), 
z 6 D2 : vj~ = v(t = ~j, z = zk). (4.3) 
The solution of the systems of ordinary differential equations (3.8) and (3.10) provides these 
values, then applying the interpolation we have seen, one has 
~fl Er~ 
u(t, z) ~-- ~ ~_~pi(z)pj(t)uji, (4.4) 
j= l  i=1 
and 
v(t, z) ~- ~ ~ py (t)pk(z)vjk. (4.5) 
k=l j=l  
The choice n = 6 and m = 6 yields the following table of values for uq and vjk 
Table 1, Values of ui j  for n = m = 6. 
X 
0 .2 .4 .6 ,8 1 
t 
0 0 0 0 0 0 0 
.2 0 .00066 .00163 .00323 .00587 .01000 
.4 0 .00245 .00528 .00888 .01366 .02000 
.6 0 .00443 .00926 ,01487 .02165 .03000 
.8 0 .03645 .01329 .02091 .02968 .04000 
1 0 .00849 .01734 .02696 .03772 .05000 
Table 2. VMu~ of v for n =m= 6. 
X 
1 1.2 1.4 1.6 1.8 2 
t 
0 0 0 0 0 0 0 
.2 .01000 .01100 .01402 .01917 .02652 .03614 
.4 .02000 .02099 .02393 .02878 .03548 .04394 
,6 .03000 .03098 .03391 .03881 .04570 .05461 
.8 .04000 .04096 .04384 .04857 .05503 .06303 
1 .05000 .05095 .05386 .05890 .06659 ,07823 
U* 
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Figure 1. 
The results is visualized in fig. 1 which shows the temperature profiles. Note that the bounds 
of the space interval are [0-2]. The change is nominal only. 
The mathematical  method has then shown to be sufficiently efficient o provide technical solu- 
tions to the problem in the nonlinear case. Two interesting developments are the analysis of the 
stochastic ase, also described [1], which occur when the measurement of the temperature in u ° 
shows (as it often happens) random fluctuations; and the multidimensional case when the heat 
transfer process is in two or three space dimensions and the measured values are on a line or on 
a surface respectively. 
None of these two developments is a simple technical extension of the method proposed in this 
paper. Neverthless ome indications can be given. In the case of the first problem, one can, in 
fact, develop in this direction the SAI method [8-9] which is based upon the analogous concept 
of collocation points and interpolation for random fields. In the case of the second problem, the 
main difficulty consists in controlling the stiffness of the system of ordinary differential equations 
corresponding to (3.8) and (3.10). This can be done substituting the Lagrange-type interpolation 
by local stochastic splines. 
It is worth, in the author's opinion, conclude this paper pointing out that this Bellman's 
original idea [6-7] is flexible enough to be developed and used in the solution of modern problems 
of applied mathematics. 
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